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In this paper, we study the H61der continuity of solutions of the Cauchy problem for the 
degenerate parabolic equations arisen in the spread of biological populations [1,2]: 
(1) 
with initial data 
~(x, y, 0) = ~0(x, y), (2) 
where u denotes the population density and f stands for the population supply due to births and 
deaths. 
Examples we have in mind are with f and data u0 taking the form 
f l ( t ,x ,y ,u )  ---- cu, c = const, Malthusian Law [2], u0 >_ 0; (3) 
f2(t~ x, y, u) = clu - c2u 2, c:, c2 = positive constants, Verhulst Law [2], 0 < u0 _< c2; (4) 
c1 
f3 ( t ,x ,y ,u )=-cu  p, (c>_0, 0<p<l ) ,  porous media [3,4], u0>0 (5) 
f4 ( t ,x ,y ,u )  = a (x ,y )~( :  - ~), a(x,y) ~ c :  (n2) ,  0 < ~o _< :. (6) 
The function G has the property that G'(u) = 0 for u = 0 and G'(u) > 0 for u > 0, so that (1) is 
degenerate parabolic at u = 0. A special form of G(u) was arrived at by Gurney and Nisbet [1]. 
These authors consider a walk in which individuals either stay at their present location or move 
in a direction of decreasing population, a model which leads to (1) with G(u) = u 2. 
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For general degenerate parabolic equations of type (1), there are a lot of papers considering the 
existence, uniqueness, and regularity of weak solutions. Most of the available regular results have 
to do with local H51der continuity of solutions and regularity up to the boundary with implicit 
H61der exponents. We refer to the survey papers [5-7] and the references in the book [8] for a 
summary of the state of the art about the qualitative and quantitative properties on this kind 
of evolution process. We only mention that the first continuous olution in higher dimensional 
case was obtained by Caffarelli and Friedman [9]. But, to the best of our knowledge, there is no 
result about the H61der continuity of solutions in the whole R + x R 2 space with explicit H51der 
exponents. It is the purpose of the present paper to give an example of this kind of H61der 
solution. We will do it in a practical case G(u) = u 2. For this special case, a numerical result 
obtained by Graveleaucan be found in the survey paper [5, p. 26]. 
Besides the theory of the spread of biological populations, the case G(u) = u 2 occurs in a 
variety of different settings. For instance, in boundary layer theory, when the Prandtl equations 
are translated to the von Mises variables x (distance downstream) and Ib (stream function), 
and the downstream pressure gradient is set equal to zero, then equation (1) arises also with 
G(u) = u 2, cf. [9,101. 
More precisely, we have the following main result in this paper. 
THEOREM 1. 
(a) LetG ' (u )  >0 fo ru>0and0<_u0(x ,y )  <M.  Let fEC i (R  + xR 2 xR  +) andf=Oat  
u = O. Then there exists a weak solution u, of the Cauchy problem (1),(2), which satisfies 
(i) 0 _< u(t ,x,y)  <_ M1 if there is an another constant Ma >_ M such that f = 0 at 
u : M1;  o r  
(ii) 0 < u(t ,x ,y)  < M i fufu <_ 0 for all ( t ,x,y)  E R + × R 2 and u E [0, M]; or 
(iii) 0 < u(t, x, y) <_ M(T)  if If] <- Cl + e2u for some positive constants cl, c2, where M(T)  
is a positive constant depending only on any given time T. 
(b) Let G(u) = u 2. If the conditions in (a) are satisfied, and f~, fy, f~, f lu  are bounded 
for a11 (t ,x,y)  E R + x R 2 and for u in a bounded region given in one of (i),(ii),(iii) (or 
fx, fy are bounded and fu, f lu  are nonpositive), then the solution u given in (a) satisfies 
IV (u3/2)[ ~ M (T) in [0, T] x _R 2 and is H61der continuous with respect o t with exponent 
1/4 provided IV  ((u0)3/2)[ is bounded in R 2. 
To prove Theorem 1, we may add a small positive perturbation e to the initial data u0:u0 + e, 
and to the function f : f(t ,  x, y, u - e). Then by using the maximum principle to the outcome, 
we may obtain a priori estimate u~ > e and consider the problem in the strictly parabolic region 
u > e > 0. If we show that the solutions u ~ are bounded and H61der continuous, uniformly 
about e, with respect o the space variables and t, then there exists a subsequence u ~'' converging 
uniformly as e~ --~ 0 +, on any bounded region, to a H61der continuous olution u of the Cauchy 
(I),(2). For simplicity, we omit this standard process and prove Theorem 1 directly. 
The conclusions in (a) are trivial. We refer to the book [11] for the details. Next, we prove (b). 
We consider the following equations 
u, = An(u)  + f ( t ,  x, u), (7) 
N ,9 2 
where A = ~i=1 ~ is the Laplace operator, x = (xl, x2 , . . . ,  XN) is a vector and N denotes the 
space dimention. 
Set v = G(u), G'(u) = g(u). Then 
vt = g(u)Av + f(t,  x, u)g(u) (s) 
and so 
(vx,)tvxl : (g(u)Av)x~Vx~ + ( f ( t ,x ,  u)g(u))xiv~. (9) 
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For any smooth function h(v), 
(h (v )Av) . ?~,  = 
j~ i  xl x~ 
= ~ [v~,~,(h(~)~)~ + h(,~>~(v~,)x~x,] 
(v,) 
z, h'(v)v~, - h(v)(Av)%,x~ ~ + --g- 
-~ h(v)  ~- -  XlXl Xi 
[ (iv+) = ~,  V~,x,h'(~),& + h(v )%~,v~ + h(~) 
j~ i  xjx9 
V 2 
XiXl 
=[ c 1 j= l  xjxj  
Set w 1/2 ~N_I 2 Then from (9) and (10) it follows that VXi • 
29u N 
~,~ = ~ ~v + 9(~)A~ - 9(~) ~ v ~ xixj 
i, j=l 
-t-2 A + 7(~ / w + E fx,g(u)vx~. 
i=1 
From (8), we have 
- h(v) (Av)v~ 
-- Vxix. i
1 (v-1/2),'t = - v-3/2g(u)Av - -2 v-3/2f(t' x, u)g(u). 
Set z = v-t/2w. Prom (11) and (12) it follows that 
2gu N 
z, = 7(~ zav  + g(~)~-~/~lx,. - g(u)v-~/~ ~ ~ xixj 
i , j=l 
( fg'~ +~ fx.g(u)v-i/'vx ~V ig(u)zAv i v-lf(t,x,u)g(u)z. +2 f~+g- - / z  - - - -  
i= l  " ' 2 
N 
i=1 xixi xl 
1 ) = v-U2Av- ~v-a/2w z 
N 
"~ E ( v-1/2vx~zxi  q~ vl/2zecix~) ' 
i.~1 
N 
2gu 1 v_3 /2g(u)z  2 _g(u)v_ l /2  E v2x~ 
xj y ~ '*] AJ 
i , j= l  
fgu 1 v-1 fgh Z 
g(,,) 2 ] 
Because 
N 
+ g(u)ZXz + g(u) y~ v-lvx~zx, + (2f. + 2 
i=1  
N 
q- E fx~g(u)v-1/2vx~. 
i=1  
(lo) 
(II) 
(12) 
(13) 
(14) 
(15) 
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For  the  spec ia l  case of  G(u)  = u s and N = 2, g(u)  = 2u = 2v U2. Set  x = x l ,y  = x2. S ince 
2 2 2 ~ 2 1 2 1 (  v~x + 2Vxy + vyy >_ vx~ + vyy _> ~ (v~ + vyv) 2 = Av) 2, (16) 
we have 
N 
2gu 1 
g(U) ZAV 2 V-3/2 g(~t)Z2 g(U)V-1/2 E 2 -- -- Vxixj 
i , j=l  
= 2v-i/ j,v- v - l z  - 2 + 2v5  + 
~_ 2v-1 /2zAv  - v - l z  2 - (Av)  2 < 0. 
(17) 
Therefore, from (15) it follows that 
Zt ~ 2vl/2AZ ~-2V-1/2(VxZx q-VyZy) + (2fu + f )  Z-~ 2(fxVx ~- fyVy) 
~- 2vl/2Az + 2v-U2(VxZx + VyZy) + (2fu + f-- + 2vl/2) z + (f~ + f2y) 
(18) 
If the conditions in Theorem 1 are satisfied, we have z < M(T) by using the maximum principle 
to (18). Thus, I Vu3/21 is bounded in [0, T] × R 2 for any given time T. It follows that u is HSlder 
continuous with the exponent 2/3 with respect to the variables x and y. 
It follows from (1) that 
(u )t = 2u((u2 ) + (u2)yy) + 2_j xx U (19) 
Since I Vu21 and the coefficients 2u and 2f/u in (19) are bounded, a result in [6] yields the H61der 
continuity of u 2 with respect to t with exponent 1/2. Thus, u is H61der continuous with respect 
to t with exponent 1/4. Theorem 1 is proved. 
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